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The collective dynamics of N interacting processive molecular motors are considered theoretically
when an external force is applied to the leading motor. We show, using a discrete lattice model, that the
force-velocity curves strongly depend on the effective dynamic interactions between motors and differ
significantly from those of a simple approach where the motors equally share the force. Moreover, they
become essentially independent of the number of motors if N is large enough (N * 5 for conventional
kinesin). We show that a two-state ratchet model has a very similar behavior to that of the coarse-grained
lattice model with effective interactions. The general picture is unaffected by motor attachment and
detachment events.
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The collective behavior of molecular motors plays a
crucial role in many biological phenomena ranging from
intracellular and intraflagellar transport to axonal transport
[1]. Molecular motors are often classified according to
their processivity [2]. Processive motors rarely unbind
from the track on which they are moving; they perform
best when working in small groups and are therefore
referred to as ‘‘porters’’. Nonprocessive motors unbind
from the track frequently; they work best in large groups
and are referred to as ‘‘rowers’’. Examples of porters are
kinesin motors which move along microtubules, while
classical myosin motors which move along actin filaments
are examples of rowers [2].
The classification of motors into porters and rowers is
based on their behavior when connected to a rigid or elastic
cargo. The strong coupling between processive motors
leads to an effective friction which results from motors
which cannot move because other motors are bound to the
track [2,3]. A strong coupling between the motors indeed
exists for a microtubule pushed by kinesin motors that are
bound to a surface [1]. It is also important for describing
myosin motors acting in skeletal muscles. The abundance
of such systems has inspired several theoretical studies of
the collective behavior of strongly coupled motors [4,5].
In many cases, however, this description in terms of
rowers and porters is not adequate since the motors are
not rigidly attached to the cargo. An important class of
systems where this happens is when motors, such as kine-
sin, move along microtubules carrying a load which is a
lipid membrane, a ubiquitous situation in living cells. This
occurs, for example, when kinesins or dyneins carry a
vesicle along a microtubule [1]. Recent experiments have
also shown that kinesin motors moving along a micro-
tubule act collectively to pull membrane tubes from a
vesicle [6].
In this Letter, we study theoretically the collective be-
havior of N processive motors pulling a tube out of a
membrane and acting against the force needed to extract
it [7]. A fluid membrane can only exert a force on the
motors at the leading edge of the tube where the normal to
the surface has a component in the direction of motor
motion. For simplicity we assume here that all the force
is transmitted to the leading motor.
We consider the collective behavior of the motors as a
function of the applied force, F, the number of motors, N,
and the effective interactions (defined as the combined
effect of the microscopic details of the system on the
transition rates in a coarse-grained description) between
the motors. We show that the force-velocity curve VNF
strongly depends on the interactions between motors and
differs significantly from the mean-field treatment where
independent motors equally share the force, leading to
VNF  V1F=N. Moreover, we find that beyond a cer-
tain number of motors, the force-velocity curves are all
indistinguishable for practical purposes. The analysis is
first carried out assuming that motors do not detach from
the filament. We then use numerics to show that under
experimentally relevant conditions our results are not
modified even in the presence of force-dependent motor
detachment. Finally, we explore how the effective transi-
tion rates in the coarse-grained description arise from a
more microscopic two-state model.
In a coarse-grained description of the system we first
model the motors as interacting biased random walkers
moving along a one-dimensional lattice [8,9]. The physical
picture presented below strongly suggests that our conclu-
sions will remain largely unchanged for more realistic
systems where the motors can use several tracks. We first
assume that the motors are fully processive and never
unbind from the filament that acts as a track. All lengths
are expressed in units of the lattice constant l (filament
period). Each site can be occupied by one motor at most,
which can move to a neighboring site if empty. We label
the motors with an index   1; . . . ; N, with 1 labeling the
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leading motor on which the force is exerted. The dynamics
of the motors is specified by the hopping rates defined in
Fig. 1, where the boxes represent sites on the lattice and a
ball with index  indicates that the site is occupied by
motor .
The model is a generalization of the disordered exclu-
sion model introduced in [10], which includes modifica-
tions of the rates due to nearest-neighbor interactions
between the motors. The hopping rates are p  p, v 
v, q  q, and u  u for   2, whereas the rates of the
leading motor (  1) depend on the external force [11].
According to Kramers’ rate theory [12], we write p1 
pef, q1  qef1, and v1  vef, where f is the
force in units of kBT=l (kBT being the thermal energy).
The dimensionless parameter 0< < 1 characterizes the
position of the energy barrier between two neighboring
lattice sites. Attractive effective interactions correspond to
reduced hopping rates (v < p, u < q) and repulsive effec-
tive interactions to increased hopping rates (v > p, u > q).
We refer to the case v  p and u  q as neutral.
We first consider a system with two motors. That can be
solved exactly in the long-time limit. For any finite force
the probability of finding the motors k sites apart decays as
p1  q=p q1k. The average number of sites be-
tween the two motors is therefore finite and decreases
with the force. Since the motors cannot overtake each
other, their velocities are equal and read:
 V2  v1p q  up1  q1v1  u  p q  p1  q1 : (1)
For comparison, the velocity of a single motor within this
model is V1  p1  q1. The stall force, defined as the
force for which the velocity vanishes, is fs1  lnp=q
for a single motor, while using Eq. (1) the stall force of two
motors is
 fs2  ln

pv
qu
 p
q
 v
u

: (2)
The stall force is not necessarily twice the stall force of a
single motor. It is a function of the rates ratio v=u, which
depends on the interactions between the motors, and can be
either larger or smaller than 2fs1 depending on whether
v=u > p=q or v=u < p=q, respectively.
The velocity V2 is plotted for various values of v and u in
Fig. 2 where, for clarity, we set v=u  p=q. The general
shape of the force-velocity curve is highly sensitive to the
interactions. For strong enough attractive interactions the
velocity of two motors is smaller than that of a single motor
up to a certain value of the force, at which the two motors
become faster than a single motor. An experimental sig-
nature of this type is a clear demonstration of attractive
interactions between the motors.
We now turn to the general case with N motors. Using
the results of [10], an exact expression of the velocity can
be obtained in the neutral case where v  p and u  q on
a ring geometry. In the limit where the number of vacancies
in front of the first motor (  1) is infinite, the periodic
boundary conditions do not influence the results. Building
on the results of Ref. [10] one finds
 VN  p 1 e
fq=pN1 q=p
ef1 q=p  efq=p q=pN : (3)
In the neutral case, for any number of motors fsN 
Nfs1. The force-velocity curves are shown in Fig. 3(a)
for various numbers of motors. Even in the neutral case, the
force-velocity curve is significantly different from the
prediction VNF  V1F=N for motors equally sharing
the force. In the absence of force, the velocity is indepen-
dent of the number of motors. The slope of the force-
velocity curve for vanishing forces is negative and con-
verges exponentially fast with N to 1 q=pq p
q. The larger the number of motors the smaller the
absolute value of the slope. In particular, these results
imply that for any N 	 1 1= lnp=q the force-velocity
curves are almost indistinguishable [Fig. 3(a)]. For large N
and f the motors form a dense cluster which can move only
through the exponentially slow (in N and f) process of a
vacancy entering at one end of the cluster and exiting at the
other.
We have performed continuous time Monte Carlo simu-
lations (see e.g., [13]) to test the effect of interactions
between motors. Similarly to the case of two motors, the
FIG. 1 (color online). Possible motor transitions and associ-
ated rates. The boxes and balls represent lattice sites and motors,
respectively.
FIG. 2 (color online). Force-velocity curves of 2 motors for
attractive, repulsive, and neutral interactions. Analytical solu-
tions of Eq. (1) (solid lines) and Monte Carlo simulations
(symbols). For all cases p  1:0, q  0:1, and   0:5. The
rates v and u are: v  0:1, 1.0, 10.0, and u  0:01, 0.1, 1.0 for
attractive (triangle up), neutral (square), and repulsive (triangle
down) interactions, respectively. The force-velocity curve for a
single motor is also plotted for comparison (circle). The ratio
v=u  p=q so that fs2  2fs1. All rates are in units of p.
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stall force is only a function of the rate ratios p=q and v=u
[Fig. 3(b)]. When v=u  p=q the stall force always sat-
isfies fsN  Nfs1 as expected. Similarly to the neutral
case, for any given type of interaction the force-velocity
curves are all nearly identical above a certain number of
motors. In the presence of repulsive interactions, the ve-
locity VN is always larger than the velocity of 1 motor and
the force-velocity curves are indistinguishable if N * 7
[p=q  10; Fig. 3(c)]. In the presence of strong enough
attractive interactions the velocity is smaller than that of a
single motor for small forces but becomes larger at larger
forces, as in the case of two motors. The force-velocity
curves collapse if N * 5 (p=q  10). Experimentally, one
should expect a force-velocity curve independent of the
number of motors if a few motors act collectively. The
comparison between the velocities of many and one motor
could serve as an experimental test to sort out attractive
from repulsive interactions. Note that the observed stall
force could be much smaller than the theoretical stall force
since for many motors the velocity reaches negligible
values way below stall force.
We now study the influence of the motor processivity by
including the attachment and detachment kinetics in the
simulations. We introduce an unbound state with a constant
motor density, so that motors can attach to any site (behind
the leading motor) at a constant rate, a0. The motors bound
to the filament unbind at a constant rate d0, except for the
leading motor, which detaches with a force-dependent rate
d  d0 expfd (where d is a length characterizing the
activated process). The number of motors in the system is
not fixed but there is always a cluster of consecutive motors
that forms dynamically behind the leading motor. The
average number of motors in the cluster, n, depends on
the applied force. In Fig. 3(a) we compare the force-
velocity curves in the presence and absence of attachment
and detachment kinetics for the neutral case. Detachment
events do not modify the force-velocity curve, as long as
the number of motors clustered behind the leading motor
remains large enough [Fig. 3(a), inset]. While the stall
force is substantially reduced due to detachment, the ap-
parent stall force, defined as the force for which the veloc-
ity becomes negligible, remains unchanged. For both
neutral and attractive interactions, the effect of detachment
on the force-velocity curves is negligible. Detachment
events can significantly affect the force-velocity curve
only for strongly repulsive interactions at large forces [14].
In the previous discussion, the nature of the effective
interaction between motors was assumed a priori. Two-
states models [15] [Fig. 4(a), inset] consider, at a coarse-
grained level, some of the internal states of the motor and
allow for a more detailed analysis of the effective inter-
actions. We now show that these models are consistent with
the coarse-grained lattice description with non-neutral in-
teractions at long times and large length scales. In the
strongly bound state (1) the motor feels the sawtooth
potential, W1x, with a period l, an amplitude 5kBT and
a short segment of the sawtooth of length a  0:2l. In the
weakly bound state (2) the potential W2x is constant. The
motors change from state 1 to state 2 and vice versa with
local excitation rates !1x and !2x, respectively. The
FIG. 4 (color online). Simulation results for motors with two
internal states (two-state model) and only excluded volume
interactions. (a) Stall force as a function of the number of
motors. (b) Force-velocity curve for 20 motors. The inset
in (a) sketches the two-state model, and the one in (b) shows
the force-velocity relation for 1 (circles) and 2 (triangles up)
motors.
FIG. 3 (color online). (a) Force-velocity curves for the neutral
case [Eq. (3)] and 1 (dotted line), 2 (dashed-dotted line), 3
(dashed line), and 100 (continuous line) motors. The force-
velocity curve obtained by numerical simulation in the presence
of detachment and attachment kinetics is also shown (squares).
The inset shows the evolution of n with the force; p  v  1,
q  u  0:1,   0:5, a0  0:01, d0  5:6
 103, d  0:16
[17,18]. (b) Stall force as a function of N for various types of
interactions. Both for attractive (v  0:7, u  0:5; circles) and
repulsive (v  1:54, u  1:1; triangles up) interactions, the
value of the stall force, fsN, is the same and larger than
Nfs1 as v=u  1:4> p=q. When v=u  1:1< p=q, fsN<
Nfs1 and it has also the same value for both attractive (v 
0:55, u  0:5; squares) and repulsive (v  1:21, u  1:1; tri-
angles down) interactions. (c) Force-velocity curves in the case
of repulsive interactions between highly biased motors (p  1,
q  0:1, v  10, u  1) for 1 (circles), 2 (squares), 5 (triangles
up), 10 (triangles down) motors;   0:5. All rates are in units
of p.
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transition rates, in arbitrary units, are given by !1x 




p expxmodl2=2 with   2,   0:05l  a 
l and !2x  0:2. We assume only hard core interactions
between the motors. The repulsive potential chosen is the
shifted repulsive part of a Lennard-Jones potential vanish-
ing at y > 21=6  1:68l (y being the distance between the
motors), with an amplitude "  0:05kBT. The interaction
range is   1:5l. We have carried out simulations with a
wide range of , from values smaller than the lattice
constant to those presented here with no change in the
qualitative nature of the results. We have also verified
that our results remain qualitatively the same upon chang-
ing the details of the model.
We perform Langevin dynamics simulations for the
motors. The equations for motor  in state s read
 
dx
dt
dWsx
dx
 d
dx
X

UxxF;1;
(4)
where F is the external opposing force, and   50 is the
dimensionless friction coefficient of the motor. The ran-
dom force is described by the noise term   r

6kBT
dt
q
,
where r is a random number taken from a uniform distri-
bution from 1 to 1. These equations are coupled to
standard Monte Carlo steps for the transitions between
the bound states 1 and 2. Throughout the simulation, we
follow the position of the first motor and determine its
velocity at long times.
The force-velocity curve obtained from the simulations
for 20 motors is plotted in Fig. 4(b). Since the parameters
were chosen so that the stall force of one motor is small, the
force-velocity relation is nearly linear for a small number
of motors [Fig. 4(b), inset]. Increasing the number of
motors reveals the nonlinearities. The comparison between
the general shape of the curve for 20 motors [Fig. 4(b)]
with the ones obtained from the coarse-grained model,
suggests that the existence of two internal states for the
motors leads to effective repulsive interactions. The stall
force is plotted in Fig. 4(a) as a function of the number of
motors. For a given N, it is larger than Nfs1, indicating
that the effective rates for forward and backward move-
ment in the equivalent coarse-grained model are such that
v=u > p=q. As the number of motors is increased this
effect becomes more important and saturates for large N.
Overall, these results are consistent with those obtained
from the lattice model with effective repulsive interactions
between the motors.
The present study provides several results that can be
quantitatively compared to experiments where a bead is
exerting a force on a single motor moving in front of
several other motors. The comparison between such ex-
periments and our results would allow the determination of
the effective interactions between motors. Moreover, our
treatment is a reasonable approximation for kinesin motors
carrying a vesicle subject to the friction forces that arise
from its motion in the crowded environment of the cell.
Any estimation of the number of motors pulling a vesicle
from the force-velocity curve is questionable because of
the collapse of the force-velocity curves [16].
In conclusion, we have shown, using various models of
molecular motors, that the collective behavior of motors
pulling on fluid membranes depends on their dynamic
interactions and is very different from both the predictions
of a model where the motors share equally the force, and
from the behavior of strongly coupled motors.
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